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ABSTRACT.  Water allocation is essentially an exercise in allocating available water to various demanding users. Water allocations 
merely based on a water rights approach usually do not make efficient use of water for the whole river basin. Meanwhile, an economic 
efficient water allocation plan cannot be well implemented if the involved participants or stakeholders do not regard it as being fair. A 
cooperative game theoretic approach is proposed to solve water allocation problems in two steps: (1) initial allocation of water rights to 
water users or stakeholders based on existing water rights systems or agreements, and (2) reallocation of water to achieve efficient use 
of water through water transfers. An illustrative example is utilized to show the effectiveness and potential advantages of this ap-
proach. 
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1. Introduction  

Water allocation is central to the management of water 
resources. Due to geographically and temporally unevenly 
distributed precipitation (Al Radif, 1999), rapidly increasing 
water demands driven by the world population and other 
stresses, and degradation of the water environment (UN-CSD, 
1994), there are increasing scarcities of water resources in 
countries. Conflicts often arise when different water users 
(including the environment) compete for limited water supply. 
The need to establish appropriate water allocation methodolo-
gies and associated management institutions and policies is 
recognized by researchers, water planners and governments. 
Many studies have been carried out in this domain, but there 
are still many obstacles to reaching equitable, efficient and 
sustainable water allocations (Dinar et al., 1997; Syme et al., 
1999; UN-ESCAP, 2000). Recent concerns about increasing 
the efficiency of water resources utilization have centered on 
economical optimal water allocation at the river basin level 
(McKinney et al., 1999; Mahan et al., 2002). Due to the 
different production abilities of water users in the real world, 
an economical efficient water allocation plan is generally not 
an equitable one for all water users or stakeholders. 

Water resources and environmental management prob-
lems often engage multiple stakeholders with conflicting 
interests (Fang et al., 1988, 2002; Hipel et al., 1997, 2003). To 
achieve equitable and efficient water allocation requires the 
cooperation of all stakeholders in sharing water resources. 
Cooperative game theory can be utilized to study the fair 
allocation of common pool resources (Owen, 1995), and has 
been applied to the following types of problems in water re-
sources management: (1) cost allocation of water resources 
development projects, including joint waste water treatment 
                                                        
  * Corresponding author: lfang@ryerson.ca 

and disposal facilities (Giglio and Wrightington, 1972; Dinar 
and Howitt, 1997), and water supply development projects 
(Young et al., 1982; Driessen & Tijs, 1985; Dufournaud and 
Harrington, 1990, 1991; Dinar et al., 1992; Lejano & Davos, 
1995; Lippai & Heaney, 2000); (2) equitable allocation of 
waste loads to a common receiving medium (Kilgour et al., 
1988; Okada and Mikami, 1992); and (3) allocation of water 
rights (Tisdell & Harrison, 1992). There are only a limited 
number of models employing cooperative game theory in 
water allocation, and these models have none or else simple 
hydrological constraints. Tisdell and Harrison (1992) use a 
number of different cooperative games to model the efficient 
and socially equitable reallocation of water among six 
representative farms in Queensland, Australia. Rogers (1969) 
uses linear programming to compute the optimum benefits of 
six strategies of India and East Pakistan (acting singly or in 
cooperation) in the international Ganges-Brahmaputra river 
basin, and then analyzes the strategies by a nonzero-sum 
game for the two countries. Incorporating Nepal into his 
analysis, Rogers (1993a, b) outlines the applicability of 
cooperative game theory and Pareto frontier analyses to water 
resources allocation problems. Okada and Sakakibara (1997) 
also apply a hierarchical cooperative game model to analyze 
cost/benefit allocation in a basin-wide reservoir redevelop-
ment as part of water resources reallocation. 

In this paper, an equitable and efficient cooperative 
allocation approach is proposed to solve water allocation 
problems in two steps. Water rights are initially allocated to 
water stakeholders and users based on existing water rights 
systems or agreements, and then water is reallocated to 
achieve efficient use of water through water transfers. The 
associated net benefit reallocation is carried out by the 
application of cooperative game theory. The integrated 
cooperative water allocation modeling approach is designed 
to promote and guide equitable water transfers and 
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cooperation of relevant stakeholders to achieve optimal 
economic and environmental values of water, subject to 
hydrological and other constraints. 

2. Perspectives on Water Allocation Problems 

2.1. Principles of Water Allocation 
What is water allocation? “The simplest definition of wa-

ter allocation is the sharing of water among users. A useful 
working definition would be that water allocation is the 
combination of actions which enable water users and water 
uses to take or to receive water for beneficial purposes 
according to a recognized system of rights and priorities” 
(UN-ESCAP, 2000). Because of water’s fugitive and uneven 
distribution characteristics, its vital importance to human 
beings and society, and the complex relationships among cli-
mate, hydrology, the environment, society, economics and 
sustainable development, water allocation is a complex task. 

The overall objective of water allocation is to maximize 
the benefits of water to society, which can be further classified 
as social, economic and environmental in nature. For each 
classification, there is a corresponding principle: equity, effi-
ciency and sustainability, respectively. Equity means the fair 
sharing of water resources within river basins, at local, 
national, and international levels. Equity needs to be applied 
amongst water users, existing and potential users, and 
consumers of water and the environment. It is important to 
have pre-agreed rules or processes for the allocation of water, 
especially in situations where water is scarce. Such 
agreements and methodologies should reflect the wishes of 
those affected sufficiently to be seen to be equitably and 
accountably applied. Efficiency is the economical use of 
water resources, with particular attention to economical 
activities, demand management, financially sustainable uses 
of water resources, and fair compensation for water transfers 
at all geographical levels. Efficiency is not so easy to achieve, 
because the allocation of water to users relates to physical 
delivery or transport of water to the demanding points of use. 
Many factors are involved in water transfers, one of which is 
the conflict with equitable water rights. For example, a group 
of farmers should have permits to use certain amounts of wa-
ter for agricultural irrigation. Some water for irrigation might 
be transferred to some industrial uses if policy makers decide 
to try to achieve an efficiency-based allocation of water. In 
this case, farmers should receive fair compensation for their 
losses. Sustainability advocates the environmentally sustain-
able use of land and water resources. This implies that today’s 
use of water resources should not expand to such an extent 
that water resources may not be available in the future 
(Savenije & van der Zaag, 2000). 

 
2.2. Hydrological Cycle, Water Demand and Water Alloca-
tion 

Two obvious major sources of supply are surface water 
and groundwater. Although the complete hydrological cycle is 
global in nature, a rational and suitable water resources 
modeling and management unit is needed at the river basin 

level (McKinney et al., 1999). In order to make good 
operational decisions regarding solutions to sharing water in a 
watershed, a fundamental scientific understanding of 
hydrologic constraints and conditions is required. 

The need for a water allocation activity arises from de-
mands for water. Where the resources are restricted compared 
to demands, as is the case for irrigation in some regions, con-
flicts arise among competing users. In general, water uses can 
be grouped into various demand groups: water supply for a 
city, agriculture, hydropower, navigation and other demands 
including flood storage, recreation, ecological uses and even 
bulk water export.  An operational water allocation plan 
should be based on the hydrological constraints and linkages 
between demanding uses and water sources. 

 
2.3. Institutional Mechanisms for Water Allocation 

Dinar et al. (1997) discuss four basic institutional mecha-
nisms for water allocation: user-based allocation, marginal 
cost pricing, public allocation and water markets allocation. 
“User-based allocation requires collective action institutions 
with authority to make decisions on water rights” (Dinar et al., 
1997). The effectiveness of user-based allocation depends on 
local norms and the strength of local institutions, but such 
institutions are not always in place or strong enough to allo-
cate water efficiently. Marginal cost pricing (MCP) sets a 
price for water equal to the marginal cost of supplying the last 
unit of that water. MCP is theoretically efficient but it is diffi-
cult to collect sufficient information for correct estimation and 
subsequent monitoring of benefits and costs. User-based 
allocation and MCP are hard to implement at a river basin 
level. 

Public (administrative) allocation of water resources is 
broadly employed in countries where water is viewed as a 
public good and the governments allocate and distribute water 
permits as water use rights to users based on physical norms 
and political influence. Public allocation promotes equitable 
water use, can protect the poor, and can sustain environmental 
needs, but often leads to inefficient use of water and failure to 
create incentives for water users to conserve water, improve 
use efficiency and allow tradable water transfers to achieve 
maximum benefits in a whole river basin. Water markets allo-
cate water by means of tradable water use rights and promote 
efficient water usage through allowing users to sell and buy 
their water rights freely. It requires intervention of govern-
ment to create necessary conditions before markets become 
operational, including: (a) defining the original allocation of 
water rights, (b) creating the institutional and legal frame-
works for trade, and (c) investing basic necessary infrastruc-
ture to allow water transfers (Holden and Thobani, 1996). 
Water markets are only concepts in many countries, but water 
markets do exist in Australia (Pigram et al., 1992), Spain 
(Reidinger, 1994), California (Howe & Goodman, 1995), 
Chile (Hearne & Easter, 1995), and India (Saleth, 1996). 

Water markets have attractive potential benefits such as 
distributing secure water rights to users, providing incentives 
to use water efficiently and gain additional income through 
the sale of conserved water. There are some challenges in the 
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design of a well-functioning water market. The difficulties in-
clude measuring water uses and well-defined water rights, 
taking into account the variable flows and hydrological con-
straints, sale-for-cash by poor farmers, externality and third 
party effects. Furthermore, it can be argued that water is a 
public good and markets cannot work for raw water, just as 
Dellapenna (2000) argues that water markets are rare in real-
ity and are not true free markets. 

3. Basin Wide Water Allocation:  
  Definitions and Preliminaries 

3.1. Node-link River Basin Network 
The hydrological characteristics of a river basin form the 

structure for operational water allocations. A node-link river 
basin network is an abstract graphical model for describing a 
real world river basin or watershed. A node is symbolized as a 
dot, circle, triangle, or rectangle, representing a physical 
component of interest such as inflow, natural or man-made 
junction, intake structure, water treatment plant, aquifer, 
reservoir, natural lake, dam, weir, or water demand site. The 
links represent the natural or man-made water conduits such 
as river channels, canals and pipelines between the different 
nodes. The links include river reaches, diversions, transmis-
sion and return flow links (DHI, 2001; SEI, 2001). An exam-
ple of a river basin network is shown in Figure 1. 

Let G(V, A) be the directed network of a river basin, 
where V = {1, 2, …, v} is the set of nodes, (k1, k2) denotes the 
arc or link from node k1 to k2, and A = {(k1, k2): k1 , k2  V and 
k1 ≠ k2 } is the set of links of the network. Water users are 

grouped into stakeholders whose set is defined by N = {1, 
2, …, n}. A number of water use sites which take water and 
discharge return flows, including offstream and instream eco-
nomic uses, minimum environmental flow requirements as 
well as reservoirs, are abstracted as a set of water demand 
nodes in the node-link river basin network model, where U = 
{j  V: j is a water demand node}. The demand set of stake-
holder i, i  N, can be defined as Ui = {j  V: j is a water 
demand node of stakeholder i}. Thus, Ui  U  V. Note that a 
stakeholder may have several water demand nodes, and a 
water demand node may be associated with a number of water 
uses and users, such as agricultural farms and farmers. 
 

3.2. Water Balance and Constraints 

For a general node k, the water and pollutant balance 
equations for time step t can be written as: 
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Figure 1.  An example of a river basin network. 
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where t is the index of time steps (step length is ∆t), t  T = 
{1, 2, …, τ} (τ is the largest index of time step); S(k, t) is the 
storage variable for node k{aquifers and reservoirs} during 
step t; Q0(k, t) is inflow adjustment of node k during step t for 
the recharge from the local catchment’s rainfall drainage or 
small tributaries; Q(k1, k, t) is the flow from node k1 to k; 
Q1(k1, k, t) is the conveyance losses because of evaporation, 
leakage and seepage of the flow from node k1 to k; Qc(k, t) is 
the water consumed at node k because of economic activities 
and evaporation; Cp(k, t) is the concentration of pollutant p at 
node k; Zp0(k, t) is total amount of pollutant p added to node k 
during time step t through inflow adjustment Q0(k, t); Cp(k1, k, 
t) is the concentration of pollutant p in the water flow from 
node k1 to k; Zpl(k1, k, t) is the conveyance losses of pollutant 
p in the water flow from node k1 to k; Zpd(k, t) is the net 
discharge of pollutant p to node k because of economic 
activities. Note that S(k, t) = 0 for river and demand nodes, 
except for large storage nodes such as reservoirs and aquifers. 

In addition to water and pollutant balance equations, 
there are some capacity limits for storage nodes and links. The 
capacity limits, together with typical policy constraints, form 
the lower and upper bounds for storages and flows, such as: 

minimum water volume for a storage node k:  

 

) ,() ,( min tkStkS   

 

maximum water volume of a storage node k:  

 

) ,() ,( max tkStkS   

 

minimum flow from k1 to k:    
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maximum flow from k1 to k:  
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Policy constraints may also be complex social, economic and 
other constraints governing water allocation, which should be 

specified case by case. 

If a node k is simplified to provide water supplies to de-
mand sites and receive the corresponding return flows from 
them, the total available water volume at node k before diver-
sions should exceed the total supply outflows from k to the 
demand sites. Let j be a water demand node, j  U, hence, 
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3.3. Water Allocation Problem 

Consider a node-link network where each stakeholder 
generally has several water demand sites and each demand 
site may have several inflow or return flow links. Furthermore, 
water has characteristics of both quantity and quality. So, a 
perfect definition of water rights allocated to each stakeholder 
under certain hydrological conditions should be in terms of 
the water volume, water quality for all inflows, storage and 
return flows from its every use within each specific time step 
t. 

For a general water demand node jU of stakeholder i, 
the allocated water rights can be defined as a set of volumes 
and pollutant concentrations for its inflows, storages and re-
turn flows, {QR(k1, j, t), CpR(k1,  j,  t), SR(j, t), CpR(j, t), QR(j, 
k2, t), CpR(j, k2, t)}, where k1  (k1  j), k2  (j  k2), at every 
time step t. 

Note that the subscript R means the corresponding vari-
ables are allocated as water rights. Generally, when there is 
not enough water at node k1, QR(k1, j, t) and SR(j, t) may be 
less than the demand volume QD(k1, j, t) and SD(j, t), while 
CpR(k1, j, t) and CpR(j, t) may be greater than the demand 
concentration CpD(k1, j, t) and CpD(j, t), respectively. Since 
QR(j, k2, t) and CpR(j, k2, t) are dependent variables on QR(k1, j, 
t), SR(j, t), CpR(k1, j, t) and CpR(j, t), available best technology 
and normal technical standards of production and pollution 
control; CpR(k1, j, t) and CpR(j, t) are also dependent variables 
on the quantity and quality of inflows to the river basin and 
the water volumes allocated to upstream uses, the water rights 
{QR(k1, j, t), CpR(k1, j, t), SR(j, t), CpR(j, t), QR(j, k2, t), CpR(j, k2, 
t)} can be allocated in such a way: water volumes QR(k1, j, t) 
and SR(j, t) are firstly allocated to each use j according to an 
equitable water volume allocation method, then the dependent 
variables CpR(k1, j, t), CpR(j, t), QR(j, k2, t) and CpR(j, k2, t) are 
calculated by water and pollutant balance equations.                     

4. Cooperative Water Allocation: A Cooperative 
Game Theoretic Approach 

Water allocations merely based on a water rights ap-
proach usually do not make efficient use of water for the 
whole river basin. Meanwhile, an economic water allocation 
plan cannot be implemented if the participants or stakeholders 
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who are involved do not regard it as being fair. Hence, 
cooperative water allocation is needed to deal with the above 
problem. Cooperative water allocation is a coordinated effort 
to allocate water resources among the multiple stakeholders in 
a river basin under intra-country water rights systems or in-
ter-country agreements in order to promote maximum eco-
nomical use of water and equitable allocation of the 
associated costs and benefits. In this section, a cooperative 
game theoretic approach is proposed to solve water allocation 
problems in two steps: (1) initial allocation of water rights to 
water users or stakeholders based on existing water rights 
systems or agreements, and (2) reallocation of water to 
achieve efficient use of water through water transfers. 

 
4.1. Initial Water Rights Allocation 

Countries have developed their own specific ways of 
solving the issues of planning, developing, allocating, 
distributing and protecting their water resources. The various 
systems of water rights can be grouped into three basic doc-
trines: riparian rights, prior (appropriative) rights and public 
allocation (Savenije & van der Zaag, 2000). Water rights 
allocation systems award users rights to abstract a certain 
volume of water in a time period. Under a traditional riparian 
system, water demands in every period are allocated as fully 
as possible to the transmission links to competing demand 
sites and flow links to instream uses from upstream to 
downstream. 

Under the prior rights system, water demands in every 
period are allocated as fully as possible according to the sup-
ply priorities assigned to all the transmission links to compet-
ing demand sites and flow links to instream uses. The public 
allocation regime treats water as a public property, so water 
rights are administratively allocated to users through water 
permits issued by governments. 

Generalized transboundary water allocation principles for 
sharing the water resources of international river basins be-
tween countries include: (1) absolute sovereignty, (2) absolute 
riverine integrity, (3) limited territorial sovereignty, and (4) 
economic criteria (Wolf, 1999; Giordano & Wolf, 2001). The 
seemingly fair and simple principles or guidelines of 
reasonable and equitable use are difficult to be applied in 
practice, especially for an inter-country river basin. Measur-
able criteria and models for water allocation need to be con-
structed and used to achieve fair apportionment of water 
(Seyam et al., 2000; van der Zaag et al., 2002). 

In a water allocation problem, resource users have 
heterogeneities arising from physical resource characteristics, 
users’ technologies and skill levels, and institutional arrange-
ments. An institution can cause heterogeneities in pricing, 
property rights and political power (Schlager & Blomquist, 
1998). The water rights are allocated according to a legal in-
tra-country water rights system and water policies or in-
ter-country agreements before moving to the second gaming 
stage of the cooperative water allocation model. 

 
4.2. Cooperative Water Allocation Game 

Recall that N = {1, 2,…, n} is the set of water 
stakeholders or players competing for water allocations in the 
concerned river basin or sub-watershed, and i  N a typical 
stakeholder. A group of stakeholders S  N entering a 
cooperative agreement and working together is called a 
coalition. N itself is called the grand coalition, the coalition 
consisting of all stakeholders. 

A coalition structure is a partition  = {S1, S2, …, Sm} of 
the n stakeholders, in which 

1

m

i NS   and for all ij, 

i jS S  . For a game with n players, 2n coalitions are possi-
ble, or 2n-1 if the null coalition is excluded. The expression 
v(S) is used to represent the aggregate payoff to the members 
of coalition S, while the payoffs to individual stakeholders 
acting in isolation are represented as v({1}), v({2}), …, 
v({n}). In a cooperative water allocation game, the generic 
notations of payoffs v({i}) and v(S) are interpreted 
specifically as the net benefits by the following definitions. 

The payoff v({i}) of a stakeholder i is the maximum total 
net benefit NB(i) that stakeholder i can gain based on its water 
rights over the entire planning period, subject to not decreas-
ing the water flows and not increasing the pollutant 
concentrations in the flows to other stakeholders. Thus, v({i}) 
is normally greater than the total net benefit NB(i) gained with 
the initial water rights since there is additional value for the 
internal cooperation among the uses and users within stake-
holder i. 
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where, RES is the set of reservoirs. 

The payoff v(S) of a coalition S is the maximum total net 
benefit NB(S) that coalition S can gain based on coalition 
members’ water rights over the entire planning period, subject 
to not decreasing the water flows and not increasing the 
pollutant concentrations in the flows to other stakeholders not 
taking part in coalition S. 
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subject to: 

water balance and hydrological constraints 
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U U

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In the above definitions, NBi,t is the net benefit function 
of stakeholder i during time step t, calculated as: 
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i
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In Equations (6) and (7), NBi,j,t is the net benefit function 
of stakeholder i’s water demand node  j during time step t, 
given by: 
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The net benefit function of demand node j, , , ( )i j tf  , is 

determined by , , , ,, , ( ) ( ) ( )i j t i j ti j tf CB     , where, , , ( )i j tB  and 

, , ( )i j tC   are the benefit function and cost function for demand 

node j, respectively. 

, , ( )i j tf   can be estimated from historical data statistics 

and simulation or obtained through optimization with control 
variables such as use type, area, user’s technology and skill 
level, price, and other economic and policy factors. Note that 
in the latter case, ), ,(), ,(), , ,(), , ,( 11 tjCtjStjkCtjkQ pp

 

) , ,( 2 tkjQ  and ) , ,( 2 tkjCp
 are the control variables used in 

searching for v(S), but parameters in searching for the optimal 
value of , , ( )i j tf  . 

A “solution” to a game is a vector of the payoffs received 
by each stakeholder. This payoff or reward vector after a trade 
can be written as x = {x1, x2, …, xn}. This trade process to 
achieve a cooperative water allocation under certain water 
balance and hydrological constraints is essentially a 
cooperative water allocation game. The payoff vector is called 
an imputation to the cooperative game, and meets the 
conditions of individual rationality, group rationality and joint 
efficiency (Young et al., 1982; Tisdell & Harrison, 1992): 

Individual rationality: 
 

({ })ix i                                    (8) 

 

Group rationality 

( )i
i S

Sx 


                                   (9) 

 

Joint efficiency 

( )i
i N

Nx 


                                 (10) 

 

Let ( ) i
i S

x S x


  , then the above three conditions can be 
reduced to: 

Individual and group rationality  

    ( ) ( )x S S  for all S N  

Joint efficiency  ( ) ( )x N N  

The set of reward payoff vectors that satisfy the condi-
tions of individual rationality, group rationality and joint effi-
ciency forms the core to a cooperative game.  The core of a 
cooperative game may not always exist. If it exists, there is no 
guarantee that it has a unique feasible solution. Core-based 
and non-core-based allocation concepts may be applied to 
reduce it to a unique one (Dinar et al., 1986). Nucleolus and 
related solutions are listed in Table 1. The nucleolus mini-
mizes the maximum excess of any coalition S lexicographi-
cally (Schmeidler, 1969).  

Let excess ( , ) ( ) ( ) ( ) i
i S

e S X v S x S v S x


    , then the 
nucleolus is found by 
 

min e  

subject to: 

)()(

   allfor      )()(

NvNx

NSSveSx


            (11) 

 

Table 1. Nucleolus and Variation Solution Concepts 

Solution 
concepts 

Net benefit excess Individual and  

group rationalities 

Nucleolus e = v(S) - x(S) 

NSSveSx

e

 allfor)()(

tosubject

min

Weak 
Nucleolus 

ew = (v(S) - x(S))/|S|

NS

SvSeSx

e

w

w





allfor  

)()(

tosubject

min

Proportion 
Nucleolus 

ep = (v(S)-x(S))/v(S)

NS

SvSveSx

e

p

p





allfor          

)()()(

tosubject

min

Normalized 
Nucleolus 

en = (v(S)-x(S))/x(S)

NS

SveSx

e

n

n




allfor    

)()1)((

tosubject

min

 

Application of this optimizing algorithm narrows the 
solution space of the core. Successive applications of the 
algorithm involve setting aside coalitions for which e(S, X) 
equals the critical value of e found at each step and running 
the optimization program for remaining coalitions. Each itera-
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tion further constrains the solution space until a unique point 
is ultimately reached. The excess e can be interpreted as 
subsidies (e  0) or tax (e < 0) to the water stakeholders. 
Variations of the nucleolus are obtained by changing the 
definition of the excess function, individual and group 
rationalities while the optimization algorithm remains the 
same as shown in Table 1 (Lejano & Davos, 1999). The weak 
nucleolus concept (Young et al., 1982) replaces the excess e 
with the average excess where S is the cardinality of 
coalition S; proportional nucleolus (Young et al., 1982) 
replaces e with the ratio of excess to net benefit of coalition S; 
and normalized nucleolus replaces e with the ratio of excess 
to imputation of coalition S. The nucleolus and related 
variation approaches can reduce or expand the core to obtain a 
unique solution in both cases of large core and empty core 
(Dinar et al., 1986). 

With the Shapley value solution concept, each stake-
holder’s reward or value to the game should equal a weighted 
average of the contributions the stakeholder makes to each 
coalition of which he or she is a member. The weighting de-
pends on the number of total stakeholders and the number of 
stakeholders in each coalition. The Shapley value gives the 
payoff to ith stakeholder (Shapley, 1971) such that: 

 
   

   
1

1 ! !
( ) ( { })

!

1 ! !
( ) ( { }) ( )

!

i
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n

s

S N S
x v S v S i

N

s n s
   v S v S i i N

n






 
    

 
     





  (12)                      

5. An Illustrative Example 

Suppose there are three stakeholders, Irrigation Water 
Association (IWA), City 1 and City 2, along a river as shown 
in the node-link flow network in Figure 2. The IWA has two 
crop areas located upstream. The return flow coefficients of 
both crop areas are 20%. The return flow coefficients from 
both cities are 90%. The minimum demands from the Crop 1, 
Crop 2, City 1, and City 2 are 40, 50, 20 and 25 million 

m3/year, respectively, while the maximum demands are 100, 
120, 40 and 50 million m3/year, respectively, as given in Table 
2. The statistical functions of net benefits and salinity in re-
turn flows given in Table 2 are designed according to experi-
ence published in the literature (Booker & Young, 1994). Now 
we develop the water allocation plan for a hypothetical 
drought period with a series of annual upstream flows Q(1, 2, 
t) and corresponding average salinity concentrations Cp(1, 2, t) 
shown in Table 3. Inflow adjustment and evaporation losses 
are not considered in the following analysis. 

 
 

Crop 1 

City 1 

City 2 

1 2 3 4 
5 

6 
7

8

9 

11 
Crop 2 

10 

Figure 2. Flow network and water uses. 

 
 

5.1. Initial Water Rights Allocation 

The problem stated above is modeled as a 5-year plan by 
the cooperative water allocation model with an annual time 
step. Water flows listed in Table 3 are allocated using a modi-
fied dual-priority riparian water rights allocation method, in 
which initial water rights allocation is solved as a multiperiod 
maximal network flow programming problem (Wang et al., 
2003). In each of the five years, water is firstly allocated to 
meet all the minimum annual demands of the four uses from 
upstream to downstream, and then the remaining water is 
allocated to the maximum demands of these riparian uses 
along the river. The water flows at node 2 are allocated 

 

Table 2. Annual Net Benefit and Return Flow Salinity Functions 

Stakeholder Water use NBj,t (103$) Return flow salinity  

Z(j, k, t) (106 kg) 

Minimum 
demand 
(106m3/year) 

Maximum 
demand 
(106m3/year)

Return 
flow 
ratio 

1: IWA 1: Crop 1 -1000 + 60Q(2,8,t) - 0.2Q(2,8,t)2 0.3Q(2,8,t) -0.0008Q(2,8,t)2 40 100 0.2 

 2: Crop 2 -1100 + 60Q(2,9,t) - 0.2Q(2,9,t)2 0.3Q(2,9,t) -0.0008Q(2,9,t)2 50 120 0.2 

2: City 1 3: City 1 700Q(4,10,t) - 0.3Q(4,10,t)2- 0.25Q(4,10,t) 
× max(Cp(4,10,t) - 400, 0) 

2.5Q(4,10,t) -0.0008Q(4,10,t)2 20 40 0.9 

3: City 2 4: City 2 680Q(6,11,t) - 0.3Q(6,11,t)2 - 0.25Q(6,11,t) 
×  max(Cp(6,11,t) - 400, 0) 

2.5Q(6,11,t) -0.0008Q(6,11,t)2 25 50 0.9 

* Units of flow and salinity are 106m3 and mg/L, respectively.. 
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proportionally to the annual demands of both crops, and the 
water flows at node 3 are allocated proportionally to the an-
nual demands of both cities, respectively.  Note that since 
there is no storage node and carry-over flow in the flow net-
work of this example, the results of the multi-year maximal 
network flow program are the same as those of a sequence of 
single year network flow programs. 

The results show that the minimum water demands of all 
uses and the maximum demands of both crops are met in each 
time step, but the maximum demands of cities cannot be satis-
fied during drought years. The salinity concentrations are 
calculated according to the water and pollutant balance equa-
tions after the water flows are allocated. Then, the net benefits 
for individual stakeholders are calculated by the benefit func-
tions given in Table 2. 

 
5.2. Estimation of Coalition Payoffs 

Based on the initially allocated water flows, salinity 
concentrations and net benefits of individual stakeholders, the 
water flows are allocated to gain maximum net benefit v(S) 
for individual stakeholders and every possible coalition S. The 
values in every time step (in this case, year) under the 
situation of the grand coalition are listed in Table 4. Table 5 
summarizes the overall net benefits during the 5-year period 
for all independent stakeholders and all possible coalitions. 
Since irrigation has lower marginal net benefits than the cities, 
water is transferred from IWA to City 1 and City 2 when they 

form coalitions. For example, at the last points of abstracting 
water according to their water rights during the drought year 2, 
Crop 1 and Crop 2 have very low marginal net benefits given 
as 0.02 and 0.01 $/m3, respectively, while City 1 and City 2 
have higher marginal net benefits calculated as 0.59 and 0.56 
$/m3, respectively. Therefore, water is transferred from crops 
to cities when they form coalitions. In the grand coalition 
situation, Crop 1, Crop 2, City 1 and City 2 have marginal net 
benefits of 0.04, 0.03, 0.64 and 0.62 $/m3, respectively. The 
reason that cities’ marginal net benefits increase as the amount 
of the water received increases is that the water quality 
improves when Crop 1 and Crop 2 use less water. For the 
same reason, although only additional 2.67  106 m3 and 3.33 
 106 m3 of water are received by City 1 and City 2 to obtain 
the maximum grand coalition net benefit, the amount of water 
received by Crop 1 and Crop 2 is reduced by 59.42  106 m3 

and 34.78  106 m3, respectively. This implies that the hydrol-
ogy-based cooperative water allocation model can be applied 
to allocate water flows as well as pollutant trading. 

 
5.3. Reallocation of the Grand Coalition Net Benefit 

In Figure 3, the triangle slope plane shows the set of all 
possible nonnegative allocations of the total net benefit of the 
grand coalition (305940.11 × 103$) among competing stake-
holders. For each point in the triangle, the perpendicular dis-
tances from three edges indicate allocated benefit to each 
stakeholder. The distance from the lower edge gives allocation 

 

 

Table 3. Total Upstream Inflows and Initial Water Rights Allocations 

Time step Year 1 Year 2 Year 3 Year 4 Year 5 

Q(1, 2, t) (106m3) 280.00 260.00 240.00 240.00 260.00 

Cp(1,2,t) (mg/L) 400.00 410.00 420.00 430.00 410.00 

Q(2,8,t) (106m3) 100.00  100.00  100.00  100.00  100.00  

Cp(2,8,t) (mg/L) 400.00 410.00 420.00 430.00 410.00 

Q(2,9,t) (106m3) 120.00  120.00  120.00  120.00  120.00  

Cp(2,9,t) (mg/L) 400.00 410.00 420.00 430.00 410.00 

Q(4,10,t) (106m3) 40.00  37.33  28.44  28.44  37.33  

Cp(4,10,t) (mg/L) 677.69 748.57 857.50 860.63 748.57 

Q(6,11,t) (106m3) 50.00 46.67 35.56 35.56 46.67 

Cp(6,11,t) (mg/L) 677.69 748.57 857.50 860.63 748.57 

Q(4, 5, t) (106m3) 42.22  33.60  25.60  25.60  33.60  

Cp(4,5,t) (mg/L) 2437.98 2744.59 2752.49 2752.49 2744.59 

Q(6, 7, t) (106m3) 52.78 42.00 32.00 32.00 42.00 

Cp(6,7,t) (mg/L) 2430.40 2736.30 2746.17 2746.17 2736.30 

NB1,t(103$) 6220.00 6220.00 6220.00 6220.00 6220.00 

NB2,t(103$) 24743.08 22461.87 16415.05 16392.83 22461.87 

NB3,t(103$) 29778.85 27013.33 19731.85 19704.07 27013.33 

Total Net Benefit (103$) 60741.92 55695.20 42366.90 42316.90 55695.20 
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to IWA, the perpendicular distances from upper-left and 
upper-right edges provide allocations to Cities 1 and 2, 
respectively. Only the shaded area, the core, is the subset of 
allocations satisfying individual and group rationality. Note 
that the triangle can be used to explain the allocation only in 
three-player cooperative games. For games with more than 
three players, the core cannot be drawn on paper and the exis-
tence of the core can be checked using the nucleolus solution 

concept. 

By solving with nucleolus and variation solution 
concepts and Shapley value, we get the overall 5-year and 
subsequent annual schedules of equitable and efficient 
allocation of net benefits in this cooperative water allocation 
project as shown in Table 6. These Pareto optimal schedules 
provide the alternatives needed for further negotiation or 
reaching a final decision. 

 

 

Table 5. Overall Net Benefits in the 5-year Planning Period 

Net Benefit 
(103$) 

Initial 
allocation 

Internal 
cooperation {i} 

Coalition 
{1,2} 

Coalition 
{1,3} 

Coalition 
{2,3} 

Grand coalition 
{1,2,3} 

NB1 31100.00 31260.66 27415.48 25943.71 31100.00 17966.29 

NB2 102474.69 102474.69 125063.89 108725.59 117547.33 130543.92 

NB3 123241.44 123241.44 129661.24 152222.51 108675.39 157429.90 

v(1,2)   152479.37    

v(1,3)    178166.22   

v(2,3)     226222.72  

v(1,2,3)      305940.11 

Total 256816.13 256976.79 282140.61 286891.82 257322.72 305940.11 

 

 

 

Table 4. Optimal Water Allocations and Payoffs for the Grand Coalition 

Time step Year 1 Year 2 Year 3 Year 4 Year 5 

Q(1, 2, t) (106m3) 280.00 260.00 240.00 240.00 260.00 

Cp(1,2,t) (mg/L) 400.00 410.00 420.00 430.00 410.00 

Q(2,8,t) (106m3) 40.94  40.58  40.34  40.34  40.48  

Cp(2,8,t) (mg/L) 400.00 410.00 420.00 430.00 410.00 

Q(2,9,t) (106m3) 94.91  85.22  74.21  75.23  85.29  

Cp(2,9,t) (mg/L) 400.00 410.00 420.00 430.00 410.00 

Q(4,10,t) (106m3) 40.00  40.00  40.00  40.00  40.00  

Cp(4,10,t) (mg/L) 524.55 537.36 548.30 558.12 537.28 

Q(6,11,t) (106m3) 50.00 50.00 50.00 50.00 50.00 

Cp(6,11,t) (mg/L) 524.55 537.36 548.30 558.12 537.28 

Q(4, 5, t) (106m3) 53.56  50.47  48.38  47.56  50.46  

Cp(4,5,t) (mg/L) 2015.19 2110.08 2180.77 2211.21 2110.48 

Q(6, 7, t) (106m3) 108.77 99.90 90.98 90.98 99.93 

Cp(6,7,t) (mg/L) 1438.39 1526.58 1629.05 1634.01 1526.17 

NB1,t(103$) 3913.96 3665.95 3346.12 3376.89 3663.37 

NB2,t(103$) 26274.47 26146.43 26036.96 25938.84 26147.22 

NB3,t(103$) 31693.09 31533.04 31396.20 31273.55 31534.02 

v(1, 2,3)t(103$) 61881.53 61345.41 60779.28 60589.28 61344.62 

Total Net Benefit (103$) 61881.53 61345.41 60779.28 60589.28 61344.62 
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6. Conclusions 

A two-step cooperative water allocation approach is 
formulated, which consists of an initial water rights allocation 
and a cooperative water reallocation game. Water rights are 
initially allocated based on existing water rights systems or 
agreements, while the cooperative water reallocation game is 
formulated     by using net  benefits as a  stakeholder’s   payoff. 

 

 

O

x2   102474.69
  

x3   123241.44

x1+x2   152479.37 

x1+x3   178166.22 

x1   31260.66

IWA (305940.11, 0, 0) 

City1 (0, 305940.11, 0)

x2+x3   226222.72

City 2 (0, 0, 305940.11)

Figure 3. The core of a cooperative water allocation game.

The cooperative water reallocation game can be solved by 
solution concepts such as the nucleolus, weak nucleolus, 
proportional nucleolus, normalized nucleolus and Shapley 
value. Since the model performs initial water rights allocation 
and subsequent reallocation based on existing water rights 
systems or agreements, and it utilizes the node-link river basin 
network, water balance and hydrological constraints, with a 
time step length of Δt during a planning period, the model 

 

 

Table 6. Equitable Allocations of the Net Benefits of the Grand Coalition (103 $) 

Period Stakeholder Nucleolus Weak nucleolus Proportional nucleolus Normalized nucleolus Shapley value 

Overall 5 years IWA 53666.91 61034.30 57881.75 62299.75 54480.93 

 City 1 113410.39 109765.16 110364.56 110910.16 114116.19 

 City 2 138862.82 135140.66 137693.81 132730.21 137342.99 

Year 1 IWA 10855.03 12345.21 11707.56 12601.17 11019.68 

 City 1 22939.16 22201.85 22323.09 22433.44 23081.92 

 City 2 28087.34 27334.47 27850.89 26846.92 27779.93 

Year 2 IWA 10760.99 12238.26 11606.13 12492.00 10924.21 

 City 1 22740.42 22009.50 22129.69 22239.09 22881.94 

 City 2 27844.00 27097.65 27609.60 26614.32 27539.25 

Year 3 IWA 10661.68 12125.32 11499.02 12376.72 10823.40 

 City 1 22530.56 21806.38 21925.46 22033.85 22670.78 

 City 2 27587.04 26847.58 27354.80 26368.71 27285.11 

Year 4 IWA 10628.35 12087.41 11463.07 12338.02 10789.56 

 City 1 22460.13 21738.21 21856.92 21964.97 22599.90 

 City 2 27500.80 26763.65 27269.28 26286.28 27199.81 

Year 5 IWA 10760.85 12238.10 11605.98 12491.84 10924.07 

 City 1 22740.13 22009.21 22129.40 22238.80 22881.65 

 City 2 27843.64 27097.30 27609.24 26613.98 27538.90 
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realistically takes into account knowledge and sub-models 
from hydrology, economics and cooperative game theory. 
This makes it possible to reach fair and efficient water alloca-
tion among competing uses with multiple stakeholders in an 
operational way. The methodology can be applied to an entire 
river basin or a sub-watershed. 
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