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ABSTRACT. Under the heading of sustainability challenges, this study incorporates payment procedures and inventory selections. The
article’s goal is to acquire insight into how the methods of payment affect perishable product inventory selections under the widely
utilised carbon tax regime in view of policies to reduce emissions. Uncertainty arises as a natural consequence of the unpredictable be-
haviour of customers. Keeping these impacts in mind, an interval-valued inventory model is introduced, where all the related inventory
parameters are considered interval-valued. In addition, the vendor offers an interval-valued discount rate to customers against advance
payment. Due to the inventory parameters being chosen as interval-valued, the objective function is changed into an interval-valued form,
and the corresponding differential equation is changed into an interval differential equation. To solve the interval-valued differential
equation, a parametric approach to interval is introduced, and the corresponding interval-valued objective function is constructed. Interval
order relations and the MATHEMATICA software are used to solve the objective function with interval values. To assess the validity
of the proposed model, one numerical example is solved, and a sensitivity analysis of the ideal course of action is performed.

Keywords: interval differential equation, interval-valued deterioration, interval-valued discount, interval-valued carbon emission,

environmental regulations, interval-valued inventory

1. Introduction

An interval-valued discount rate against an advance pay-
ment refers to a payment arrangement where a discount rate is
applied to the interval-valued advance payment made by the
customer or buyer. The discount rate is based on the concept of
time being worth money, and it represents the opportunity cost
of not having the full payment amount available to the buyer at
the time of the payment in advance. The interval-valued discount
rate against advance payments can benefit both the buyer and
the seller. The buyer can save money by taking advantage of
the discount rate, while the seller can benefit from having a por-
tion of the advance payment and the assurance that the buyer is
committed to completing the transaction. However, it is impor-
tant to note that the discount rate depends on a number of crite-
ria, including the length of the payment interval, the creditwor-

thiness of the buyer, and the risk associated with the transaction.

Therefore, it is essential to have a clear agreement in place that
outlines the terms and conditions of the payment arrangement
to avoid misunderstandings or disputes down the line. In the
literature on inventory, a cash payment is used to create the con-
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ventional economic order quantity (EOQ) model by Harris (1990).
The cash-on-delivery model for perishable items was then in-
vestigated by Feng et al. (2017) when the customer demand rate
varies based on selling price, expiration date, and displayed
stocks. Chen (2018) examined the production inventory model
choices for a system with multiple retailers for a single manu-
facturer of perishable goods with a cash payment. In order to
save money and time, Zhang (1996) developed an ideal pay-
ment system for paying small-amount invoices in advance. This
advance payment was extended by Teng et al. (2016) to include
perishable goods with expiration dates. For evaporating pro-
ducts, Taleizadeh (2014) presented an inventory model with a
cash-advance payment (i.e., some in advance and the balance
in cash). Moreover, Zhang et al. (2014) established an EOQ
model in which the vendor provides a price reduction in ex-
change for an advance-credit payment. Chang et al. (2019), Wu
et al. (2018), and Li et al. (2017) generalised the previously
stated model under the cash-advance-credit payment scheme.
Khan et al. (2019) resolved a perishable goods inventory issue
by considering partial backlogs and an advance payment. Later,
Khan et al. (2020) investigated the impact of discounts on sup-
ply decisions for a deteriorating good, taking into account an
advance payment. Rahman et al. (2021) developed a perishable
inventory model with advance payment considering a hybrid
stock and price-dependent demand rate. Duary et al. (2022) for-
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mulated a forecasting model for inventories of decaying goods
with installment opportunities to make payments in advance.
Recently, Khan et al. (2023a) solved an advance payment-based
inventory model with backlogged shortages under a variable
payment installment.

Deteriorative products are goods that have a limited shelf
life and will eventually degrade in quality or spoil if not used
or consumed within a certain time frame. This can include per-
ishable food items such as fresh produce, meat, and dairy prod-
ucts, as well as certain chemicals and pharmaceuticals. The
degradation of these products can occur through various mech-
anisms, such as oxidation, microbial growth, or chemical reac-
tions, which can affect their taste, texture, color, nutritional value,
and safety. Deteriorative products can pose health risks if con-
sumed beyond their expiration date or if stored improperly. To
prevent the wastage of deteriorative products and ensure their
safety and quality, it is important to store and handle them pro-
perly, such as by keeping them at the right temperature, using
them before their expiration date, and following recommended
storage and handling instructions. Proper inventory manage-
ment and tracking can also help to minimize spoilage and waste.
In some cases, technologies such as refrigeration, preservation
techniques, or modified atmospheric packaging can help ex-
tend the shelf life of deteriorating products. However, it is im-
portant to balance the benefits of these technologies against
their environmental and economic costs and consider alterna-
tives such as reducing food waste through better distribution,
consumption patterns, and waste reduction strategies. Sarkar
(2012) investigated an EOQ model that took into account the
fact that a perishable product’s deterioration rate rises during
the time being passed and becomes 100% on the date of expira-
tion. In order to create a model for economic order quantity
based on an upstream pay in later facility to increase demands,
Chen and Teng (2014) employed the rate of deterioration con-
nected to maximum lifetime. Later, Wu et al. (2014) developed
a supply chain model in accordance with the upstream pay-in-
later facility offered by the supplier to the retailer, while the
merchant provides his clients with a down- stream pay-in-later
facility. In addition, Teng et al. (2016) investigated an advance-
cash payment related inventory model for perishable items. Wu
et al. (2018) broadened the scenario where the supplier ap-
proaches the retailer for an advance-cash-credit (ACC) pay-
ment and the merchant offers customers a credit payment. Li et
al. (2017) deepened their investigation of the issue by incorpo-
rating a strategy on pricing and employing an analysis of cash
flow for a deteriorating item. Li and Teng (2018) investigated
the pricing along with lot-sizing choices for decaying commo-
dities under conditions where the selling price influences the
demand rate, the product's freshness, the reference price, and
the displayed stocks. Shaikh et al. (2019a) explored the role of
a discount frame on the storage decision of a perishable item,
where the item deteriorates constantly over the storage period.
Alshanbari et al. (2021) adopted an increasing decay rate with
respect to the items’ storage time for determining the inventory
decisions for a perishable item. De and Bhattacharya (2022)
formulated a production inventory model with deterioration un-
der a fuzzy system. Rahman et al. (2022) studied the interval
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form of an all units quantity discount and then explored its con-
sequences on inventory planning for a deteriorating item under
interval uncertainty. Manna et al. (2022) further developed in-
ventory models for deteriorating items under interval uncer-
tainty and solved them by adopting several meta-heuristic algo-
rithms. Recently, Rahman et al. (2023) studied an EOQ model
for deteriorating items with price-dependent demand under an
interval environment.

Industries are significant sources of carbon emissions, ac-
counting for a large portion of global greenhouse gas emissions.
These emissions come from various industrial processes, such
as manufacturing, construction, and transportation. Fossil fuel
combustion for energy production is a significant source of car-
bon emissions in the industrial sector. Industries also release
carbon emissions through chemical processes, such as the pro-
duction of cement, which involves high-temperature processes
that release large amounts of carbon dioxide. The industrial
sector is responsible for around 30% of global carbon emis-
sions, making it a crucial area for reducing carbon emissions to
mitigate climate change (The World Health Organization, 2016).
To address this, industry can adopt cleaner and more efficient
production processes, use renewable energy sources, imple-
ment carbon capture and storage technology, and adopt circular
economy principles to reduce waste and emissions. Govern-
ments and international organizations also play a critical role
in reducing industrial emissions through policies, regulations,
and incentives to promote sustainable industrial practices and
move towards an economy with low carbon emissions. Accord-
ing to the analysis of the impact of various emissions restric-
tions (Benjaafar et al., 2012), businesses could successfully cut
their carbon emissions by implementing operational changes
and working with other supply chain participants. In order to
lower carbon emissions produced by businesses, He et al. (2015)
calculated the ideal size of lot and emissions with carbon re-
gulations: cap-and-trade (where governments charge business-
es a specific amount for each tonne of emissions they create)
and carbon tax. These allowances might be auctioned off to the
highest bidder and then traded on secondary markets to deter-
mine a price for carbon. Because the demand rate depends on
credit duration, Dye and Yang (2015) assessed the effects of
environmental legislation and credit periods on inventory man-
agement. Xu et al. (2016) studied the collaborative price and
production choices for several products under cap-and-trade
and carbon tax legislation. By taking into account default risks
from issuing pay in later facilities for newsvendor models, Tsao
et al. (2017) expanded the model of Dye and Yang (2015). The
usage of credit payments in a supply chain model is investi-
gated by Aljazzar et al. (2018), who discovered that doing so
will lower the supply chain's carbon emissions. Bai et al. (2019)
investigated supply chain coordination and carbon emission re-
ductions. Afterward, Pan et al. (2020) solved a technical col-
laboration issue with investments to reduce carbon emissions
through sustainable production inventory. Ji et al. (2020) stud-
ied an optimization model for carbon emission reduction in-
vestment. Sundar et al. (2021) investigated the effects of miti-
gation options on the control of methane emissions caused by
rice paddies and livestock populations to reduce global warm-
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ing. Ruidas et al. (2021) developed a production inventory mod-
el with price-dependent demand and interval-valued carbon
emission parameters. Yadav et al. (2022) designed a sustain-
able production system under the pollution reduction effort
during the production process. Recently, Khan et al. (2023b),
Manna et al. (2023), and Ruidas et al. (2023) have developed
many kinds of inventory models considering carbon emission
investment. The related literature is described in the following
tabular form (cf. Table 1).

Based on key features, Table 1 compares the pertinent, al-
ready-existing models in the literature. To handle the uncertain
behaviour in demand as well as the system’s parameters, very
few existing works incorporated interval uncertainty during in-
vestigating problems. However, the impacts of emissions and
advance payment mechanisms have not been investigated by
incorporating the interval uncertainty. For thorough sustaina-
bility-focused supply chain management, an interval-valued in-
ventory model that incorporates emissions impact and advance
payment systems is essential. With the aid of this model, com-
panies may not only optimise inventory levels while taking into
account their carbon footprint but also account for the financial
effects of advance payments and how they affect cash flow.
There is an obvious research gap here that needs to be filled.
Companies can meet sustainability goals, reduce emissions,
and effectively manage their financial resources by studying a
model like this, allowing them to make decisions that strike a
balance between environmental responsibility and financial
prudence. These are all essential elements of a modern, ethical
business strategy, which are particularly focused on in the pre-
sent study.

In this work, payment methods and inventory choices are
included under the category of sustainability problems. The ar-
ticle’s goal is to obtain insight into how options of payment
under the widely used regulation of carbon tax affect inventory
selections for perishable goods in light of laws for reducing
carbon emissions. Because of the unexpected behaviour of cli-
ents, uncertainty is a natural phenomenon. An interval-valued
inventory model is developed where all relevant inventory pa-
rameters are taken into consideration as interval-valued. Fur-
thermore, the seller offers interval-valued discounts to custom-
ers in exchange for upfront payments. The objective function
is changed into an interval-valued one and the accompanying
differential equation into an interval differential equation as a
result of choosing interval values for the inventory parameters.
To solve the differential equation with interval values, the par-
ametric approach of the interval presentation is introduced. In-
terval order relations and MATHEMATICA software are em-
ployed to find the best-found solutions to the interval-valued
objective function of our suggested model. One numerical ex-
ample is solved in order to validate the proposed system, and
the best course of action is then determined via a post-optimal-
ity analysis.

1.1. Motivation of This Study

There are various reasons and advantages to developing an
inventory model that takes into account the effects of carbon

emissions and advance payment mechanisms. These are a few
of the main arguments in favour of such a model:

*  Many companies are concentrating on lowering their car-
bon footprint as concerns about climate change and envi-
ronmental effects continue to grow. Businesses can make
more sustainable decisions and aid in climate change miti-
gation by including carbon emissions in their inventory
models. A greener supply chain and a reduction in carbon
emissions from inventory management can benefit the en-
vironment.

*  To reduce carbon emissions, governments and regulatory
organisations are increasingly putting laws and regula-
tions into place. Companies can proactively match their
operations with evolving legislation, ensuring compliance
and avoiding any fines or reputational problems by includ-
ing carbon emissions in the inventory model.

*  Energy use and transportation-related activities frequent-
ly correlate with carbon emissions. Businesses can find op-
portunities to cut expenses associated with transportation
and energy use by optimising inventory decisions based on
carbon emissions. Consolidating orders or changing trans-
portation schedules, for instance, can result in more effect-
tive operations and cost savings.

* Including advance payments in the inventory model has a
number of advantages. Businesses can take advantage of
discounts or preferred terms that suppliers provide in ex-
change for early payment to lower the cost of carrying in-
ventory and enhance cash flow. Companies may assess the
trade-off between these advantages and potential hazards
by incorporating advance payment terms into the model,
ensuring that the best decisions are made about inventory
management.

In general, firms can simultaneously address environmen-
tal sustainability, regulatory compliance, cost reduction, con-
sumer preferences, and financial rewards by developing an in-
ventory model that takes the impact of carbon emissions and
advance payment into account. Companies may optimise their
operations, improve their reputation, and contribute to a more
sustainable future by coordinating inventory decisions with these
criteria.

1.2. Novelty of This Study

In the present work, an EOQ model is developed and ana-
lysed for a deteriorating product whose demand rate is interval-
valued and dependent on its selling price. Also, the deteriora-
tion rate of the perishable products is considered interval-val-
ued. In this proposed work, carbon emissions due to placing an
order, carbon emissions associated with handling each unit mul-
tiplied by the order quantity, and carbon emissions for preser-
vation are taken as interval values. The supplier gives the buyer
an interval-valued price discount rate to encourage their will-
ingness to pay in advance. Since the parameters are chosen as
interval-valued, the objective function is changed into an inter-
val-valued one, and the corresponding differential equation is
changed into an interval differential equation.
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Table 1. A Brief Literature Review Related to The Proposed Work with Respect to Its Key Features

Author(s) Demand Advance Deterioration Carpop Goverpmg
Payment Emissions Equation

Taleizadeh (2014) Credit period dependent Yes Yes No Crisp
Teng et al. (2016) Constant Yes Yes No Crisp
Lietal. (2017) Price dependent Yes Yes No Crisp
Wu et al. (2018) Constant Yes Yes No Crisp
Li and Teng (2018) Price, stock, and time dependent No No No Crisp
Shaikh et al. (2018) Price and advertisement frequency dependent No Yes No Fuzzy
Khan et al. (2019) Price dependent Yes Yes No Crisp
Mondal et al. (2019) Stock and selling price dependent No No No Interval
Shaikh et al. (2019b) Price dependent Yes Yes No Interval
Khan et al. (2020) Stock and price dependent Yes Yes No Crisp
Rahman et al. (2020) Imprecise and price dependent No No Yes Interval
Ruidas et al. (2021) Price dependent No No No Crisp
Manna et al. (2022) Price dependent Yes Yes No Interval
Ruidas et al. (2022) Price and green level dependent No No Yes Crisp
Rahman et al. (2022) Stock and price dependent No Yes No Interval
Mondal et al. (2023) Price dependent Yes Yes No Interval
Ruidas et al. (2023) Price and green level dependent No No Yes Interval
Chaudhari et al. (2023)  Advertisement, price and stock dependent No Yes Yes Crisp
Yang (2023) Time-varying No Yes No Crisp
Khan et al. (2023a) Price and time dependent Yes No No Crisp
This work Price dependent Yes Yes Yes Interval

The organization of the remaining part of the manuscript
is given as follows: Notation and assumptions are presented in
Section 2 to formulate the model. The mathematical formula-
tion of the model for advance payment is delivered in Section
3. The solution procedure for the optimzation problem is pro-
vided in Section 4, and to validate our proposed model, one nu-
merical example is considered in Section 5. To get some man-
agerial insights, sensitivity analyses are executed in Section 6.
To maximize profitability, several insights are provided in Sec-
tion 7, while the major findings along with future research op-
portunities are delivered in Section 8.

2. Notation and Assumptions

Notation of this study is listed in Appendix A. The follow-
ing fundamental assumptions are considered to construct the
corresponding EOQ model:

(1) The interval-valued demand rate of the customers is

taken as a decreasing function of the selling price of the product.

Mathematically, the interval-valued demand rate is defined as:
[De(p), Du(p)] = [z, arv] = [z, frolp = [ear =Brup, arv —
piipl, where oy, S >0.

(ii) The interval-valued deterioration rate of perishable
goods is given by: [0iz, O1v], 0 < 01 < Oy << 1.

(iii) Perished products have no replacement, repair, or sal-
vage value in this model.

(iv) The supplier makes a restriction to the buyer that they

have to cover the full cost of the purchase up front in # evenly
spaced installments within the lead L;. In this instance, the
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supplier provides an interval-valued discount rate [, 7y] on the
entire cost of the purchase.

(v) The total interval-valued fixed carbon emissions per
cycle of replenishment includes interval-valued carbon emis-
sions due to placing an order K., Kiv], interval-valued amount
of carbon emissions associated with purchasing each unit [ci,z,
cipu] multiplied by the order quantity [Q;, QOul, and interval-
valued amount of carbon emissions for storing the interval-val-
ued level of inventory [x1.(¢), x10(?)].

(vi) Infinite time horizon is considered, and shortages are
disallowed.

3. Mathematical Model

In this model, an order of [Q;, Qu] units of products are
arrived in stock at # = 0. After that, the stock level decreases
due to the customers’ demand and also deteriorates at an inter-
val-valued deterioration rate [, 61¢], and the inventory level
becomes zero at the end of the cycle (see Figure 1). Apparently,
the governing equation of the inventory level [x;.(7), x10(f)] is
interval-valued, and at any time ¢ e [0, T ] ,itis given as follows:

o300 1, g, 0, 0), 40 ()]

=-[D,(p). Dy (p)]. 1[0, T] M

with the conditions [X1L(0), xlu(O)] = [QL, Q(/] and [le(T), X1 U(T)]
=10, 0].
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Figure 1. Pictorial representation of interval-valued inventory
level.

Using the parametric approach, the Equation (1) can be
converted into the following differential equation:

W‘Hﬂ(ﬂz)?ﬁ(’hs t)==D(n3,p) 2)
with the boundary conditions x(71, 0) = Q(n4) and x:1(m, T) =
0, where xl(m, l) = le(t) + ﬂ[{xly(t) — le(t)}, 61(1’]2) =0+ N2
(01v—011), D(113, p) = Di(p) + n3{Du(p) — Di(p)}, and O(n4) =
O+ na(QL — O1); 11, 12, 13, na €10, 1].

Using the boundary condition x;(#1, T) = 0, the solution of
the differential Equation (2) is given by:

_D(n;. p) femT0 1) 3)

0= )

Therefore, converting the parametric form into an interval,
the lower and upper bounds of the inventory level during the
interval of time [0, 7] is calculated as:

D, -
X (t): gl(Up){eHM(T )_1} 4)
_EU(p) by (T-1)
Xy (l)— 0, {e —1} %)

Now, from Equation (3), using the condition x;(7;, 0) =
Q(n4), the initial stock level is given by:

oo e

Therefore, the interval-valued stock level is expressed as
follows:

Dy (p ){eng —1}} (7)

91 L

[QLa QU] = {DZI(UP){QGILT —1} ,

Hence O, = D;f(p){eeur —1} and O :Dléi(p){eglﬂ —1} .
v "

Sales revenue is given by:

[SR.(. p). 5T, p)]= ] [ 1 (), D ()i =

[P(alL _ﬂlUp)T’ p(alU _:Ble)T] (®)

Total interval-valued cost for ordering per replenishment
cycle is:

[oC,, 0Cy]=[0,., Oy] 9)
Holding cost per replenishment cycle is presented by:

[HC,(T. p), HC,(T, p)]=

h %{QL(@QMT _1)— T} R

U

th g—U{HL(e&lUT - 1) - T}
1L 1L

(10)

The total interval-valued portion of carbon emission dur-
ing per cycle of replenishment is presented by:

[CEL(T’ p), CEy(T, P)] = [KID KIU]+

[ClpL’ ClpU:|[QLv Oy ]+ e Cth]IOT[xL (#), x (1) ] dr =

D 1
Ky +e,, 0+ H_L{Q—(QGILT —1)—T},
w (G

)

D 1
Ky +¢,009u + ey Q_U{a_(eﬁuﬂ _1)_7}
iz (GiL

Now, the seller asks the buyer to prepay the purchasing
cost [PCr(p, T), PCu(p, T)] with n; equal installments during L,
before receiving the items in the case of advance payment. The
supplier typically gives the buyer a price discount of [r;, ] to
encourage their willingness to pay in advance.

Consequently, the buyer’s purchasing cost per replenish-
ment cycle is calculated as:

[ PC,(T.p).PCy(T.p)]=
(1_[”La rU])[ch’ ch:I[QLa QU]=
(1) 2N ),
W (12)

(1-n)epu 222 e -
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The interval-valued capital cost per replenishment cycle
prior to the delivery for the advance payment is as follows:

[cC, (T, p), CCy(T. p)]=

[I... ICU]M£(1+2+...+111):
m m
[M]CLPCL, M[cupcu} (13)
2m 2n

Furthermore, the interest charged for on-hand inventory in
interval form is given by:

[1C,(T.p). IC, (T.p)]=

[]ancU](l_[rL’ ”U])[ CpL> € pU:'J. Xip» Xy | dt =
(1= ) sepn 22{91 (M7 1) }

D, [ 1
1-r,)I U e S
( rL) WU 91L{91L (e ) }

(14

Combining the results from Equations (8) ~ (14), the total
average profit function per cycle of replenishment is given by:

[7R(T. p), TRy(T. p)]=

[ SR, — Oy — HCy =1y CEy — PCy —IC,; = CCyy, |

_SRU -0, -HC, —n,CE, —PC, —IC, -CC, |

play, = Bup)T -0y —hy { ! (eHIUT _1)—T}
elL 1L

D, |1
Ny (KIU +a,uQu + o 5 < {_(eawr —1)—T}J
O O

DU(p){eGIUT_l}_(1+nl)l’11 PC.
elL an cU U

D, [ 1
—(1-r)I O e S
(=)o O {Gm (e ) }’

D
plaw —Bup)T-0,—hy HI;{HU(eHILT_I)_T}
1

D
L [K]L +o,,9 o — L {_( At _1)_7}]
Ou (Gu

—(l - rL)ch

(15)

D (p) (1+n )L1
—(l—rU)ch ZIU {eelLT—l}——nll 1,PC;
D 1
—(1=r)I ZL) - (AT )T
(=70 e 91U{91U (e ) }

Therefore, the interval-valued average profit of the system
per replenishment cycle is presented by:
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[APL(T,p),APU(T,p)]:{TPL(;’p), TP”(TT”’)} (16)

As a result, the centre and radius of the average profit are
given by:

AF,; (T,p)+APL (T,p)

AP.(T,p)= 5

c

an

AR, (T, p) = AP, (T, p)
2

AP.(T,p)=

¥

(18)

Then, the corresponding optimization problem is given by:

Maximize AP.(T,p), T>0 and p>0 (19)

4. Solution Procedure

Rahman et al. (2020) proposed the c- optimization (cen-
tre-radius optimization) technique, which is based on the inter-
val order relation suggested by Bhunia and Samanta (2014). In
this method, an interval-valued optimization problem is con-
verted into a crisp one. It is the method in which either the cen-
ter of the objective function is optimized or the radius of the
objective function is optimized (if the center of the objective
function is constant valued). The definitions of maximizer (lo-
cal and global) are defined with respect to Bhunia and Samanta
(2014) interval order relation to derive this technique.

Definition 1. Let use consider two intervals of real num-
bers 41 = [aiz, aiv] E(alc, al,> and B = [biz, biv] E<blc, b1,> .
Then, the interval order relations between 4; and B, are de-
a,>b., if a, #b,

) and 4, > max B,
a, <b,,if a,. =b,

fined as: 4, > max B, @{

<A 2max B, and 4, # B,.

Definition 2. A point(7°,p") e E, x E, is called a local max-
imizer of [AP(T, P), AP«(T, p)] if there exists a positive J; that:
[APL(T", p*),APLKT p))zmin [APT, p), APAT, p)), ¥ (T, p)

e(ExEy)nB|((T , 8|, where Bi((T", p"), 1) is the open
ball with centre at (f p’) and radius ;.

Definition 3. A point (7°,p")e E xE, is called a global
maximizer of [APy(T, p), AP(T, p)| if [AP(T", p*), APu(T", p*)]
> min [AP((T, p), APL(T, p)], V(T,p) e Ei x Es.

4.1. Centre-Radius Optimization Technique

Theorem 1: The interval-valued function: [AP.(T, p), APy
(T, p)] <AP (T.p). AR.(T, p)> has a maximizer at 7 = 7" and
p = p"if and only if AP«(T, P) has a maximizer at (T", p°), if
AP/T, P) # constant; AP(T, P) has a minimizer at (7", p"), if
APA(T, P) = constant.

Proof: T =T, p = p'is said to be the global maximal point
of AP.(T, p) if and only if:
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Figure 3. Concavity of the centre of average profit (4P.) with respect to the selling price (p) and the length of the replenishment
cycle (7) of Example 1.

AR(T",p") 2 max AP.(T,p) &
a2 (1) 42 (1.0,
ifAPc(T*,p*) + AP.(T,p).NT,p>0

A8 (1) A (T.0),

if AP, (T", p")=AP.(T,p).¥T, p >0

AR(T",p")> AP.(T, p), if AP (T, p) # constant
AR,(T°,p") < AP,(T, p), if AP (T, p)=constant -
AP,(T, p) has a maximizer at (T, p"),

if AP.(T, p)+# constant

AP, (T( p)ph)as a minimizer at (7", p"), (0)

if AP.(T, p)=constant

This concludes the proof.

5. Numerical Illustration

Since the objective function, the centre of average profit
(4P.), is highly nonlinear in nature with respect to the selling
price (p) and length of the replenishment cycle (7), the optimi-
zation problem (19) cannot be solved analytically. To check the
reality and validate the proposed model in the interval environ-
ment, a numerical example is considered, and then MATHE-
MATICA software is used to find the best-found solution to
that example. In addition, we have drawn some concavity graphs
to show the concavity of the centre of the average profit func-
tion with respect to different decision variables in accordance
with the considered example.

Example 1: The following values of the different inven-
tory parameters related to the proposed model are considered:
[OtlL, OtlU] = [95, 100] (il’l unit); [ﬁu, ,BlU] = [0.8, 0.9]; [91L, 91(/]
=[0.07, 0.09]; [cpL, cpu] =[10, 12] (in $); [O;, Oy] =[170, 175]
(in $); [Aer, hev] = [0.8, 1] (in 8); [Kiz, Kiv] = [180, 190] (in
unit); [cipz, c1pu] = [4, 6] (in unit); [ciaz, ciau] = [2, 3] (in unit);
[Ler, I.u] = [0.09, 0.11]; [#2, nu] = [0.09, 0.10]; [rz, ru] = [0.4,
0.5]; L1 = 0.5 year; n; = 5.
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Table 2. Optimal Solutions of Example 1

Variables/Unknown Parameters Optimal Values

p $63.133

T 1.626 years

<AP., AP> <§2057.887, $874.329>
[APy, APy] [$1183.557, $2932.216]
[Qr, Oul [51.145, 111.433]
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Figure 4. Concavity of the centre of average profit (4P.) with
respect to the selling price (p) of Example 1.
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Figure 5. Concavity of the centre of average profit (4P.) with
respect to the length of the replenishment cycle (7) of
Example 1.

The best-found solutions for different decision variables
and unknown parameters in Example 1 are presented in the fol-
lowing Table 2. Furthermore, the nature of the objective func-
tion, the centre of average profit (4P.), is explored graphically
in Figures 2 ~ 5 with respect to different decision variables in
accordance with the considered Example 1.

Now, the concavity of the centre of the average profit
function 4AP.(p, T) is shown numerically by the eigenvalues of
its Hessian matrix H. The Hessian matrix H for the centre of
the average profit AP.(p, T) for Example 1 w. r. to optimal val-
ues of selling price (p) and cycle length (7), i.e., at (p°, T") =
(63.132652, 1.626119) is given by:
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d*4AP,  0*4P,
He 6p2 6p6T
?4P,  8*4P,
rp  er?: e s T
:{—1.700000 1.250878 j @n
1.250878 —92.623168

Consequently, the eigenvalues of the Hessian matrix H are
given by A;" = -92.640374 and J," = —1.682794, which are all
negative. Therefore, the Hessian matrix H of the centre of the
average profit AP.(p, T) w. r. to optimal values of the decision
variables is strictly negative definite. Hence, AP.(p, T) is strict-
ly concave w. 1. to p, 7, and therefore, AP.(p, T) is maximum
at (p*, T") = (63.132652, 1.626119).

6. Sensitivity Analysis

To study the effect of changes in the different parameters
of the proposed model on the centre of average profit (4P.),
selling price (p), and replenishment cycle (7), the sensitivity
analyses are executed in Example 1. In Figures 6(a) ~ 6(f), the
best outcomes of these studies are represented graphically. From
the above sensitivity figures, the following implications are ob-
served: (i) From Figure 6(a), it is seen that 4P, is highly sen-
sitive, whereas p and T are sensitive moderately against the
changes of the interval-valued fixed demand [ai, aiv]. Here, T
is reversely affected by the changes in [ai;, a1u]. (i) Again,
Figure 6(b) represents that AP. is highly sensitive in a negative
way and p is moderately sensible based on the change in the
interval-valued parameter of demand [fi;, fiv]. In addition, T
is insensitive with respect to the demand parameter [Si., fiv].
(iii) Here, we discuss the effect of changes in the interval-
valued purchasing cost [c,z, cpu] of the product on AP, p, and
T. From Figure 6(c), it is observed that AP., p, and T are in-
sensitive with respect to the interval-valued purchasing cost [c,z,
¢pu]. (iv) Furthermore, from Figures 6(d) and 6(e), it is seen
that AP,, p, and T are insensitive with respect to the changes in
the interval-valued holding cost [A., h.u] and the interval-
valued carbon emitted tax [#., 7u]. (v) Finally, we discuss the
effect of the changes in the interval valued ordering cost [Oy,
Oy]. Figure 6(f) shows that T is less sensitive, whereas AP. and
p are insensitive with respect to [Or, Oy].

7. Managerial Insights

Reducing carbon emissions is becoming increasingly im-
portant for organizations as they work to meet sustainability
goals and reduce their impact on the environment. In addition,
the selling price is a critical factor for any business, as it direct-
ly influences the company’s profitability and competitiveness
in the market. Here are some managerial insights about carbon
emissions reduction and selling price:

(i) When evaluating carbon emission reduction technolo-
gies, it’s important to consider the entire lifecycle impact of the
technology, including its production, use, and disposal. For ex-
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Figure 6. The effect of changes of different parameters (a) [a1z, aiv], (b) [BiL, Biv], (€) [her, hev), (d) [cor, cpul, (€) [112, Hu), and (f)
[OL, Oy]l on AP., p, and T.

ample, while electric vehicles produce fewer emissions while
in use, the production of batteries and charging infrastructure
can have a significant carbon footprint.

(i1) Transitioning to renewable energy sources such as wind,
solar, or hydropower can significantly reduce a company’s car-
bon emissions. Investing in renewable energy sources can also
provide long-term cost savings as the cost of renewable energy
continues to decrease.

(iii) Companies can reduce their carbon emissions by adopt-
ing energy-efficient practices such as using LED lighting, in-
stalling energy-efficient HVAC systems, and improving insu-
lation. These practices can help to reduce energy consumption
and save money on energy bills.

(iv) Employee engagement is critical to the success of any sus-
tainability initiative. Encouraging employees to adopt energy-
efficient practices, such as turning off lights and computers when
not in use, can help to reduce a company’s carbon footprint.

(v) Companies can work with their suppliers to reduce their
carbon footprint by encouraging them to adopt sustainable prac-
tices, such as using renewable energy and reducing waste. Col-
laboration with suppliers can help to create a more sustainable
supply chain and reduce the overall carbon emissions associ-
ated with a company's products or services.

(vi) Research the market and analyze the prices of similar
products or services. Understanding the competition and con-
sumer demand will help determine the optimal selling price.
However, make sure to differentiate your product or service
from competitors to avoid being seen as a low-price option.

(vii) The market is dynamic, and the price that was profit-
able yesterday may not be sustainable tomorrow. Stay flexible
and adapt your selling price accordingly to ensure your busi-
ness remains competitive.

(viii) The selling price should reflect the value proposition
of the product or service. Communicate the unique features, be-
nefits, and value proposition to the customer to justify the sell-
ing price.

(ix) Monitor the selling price and adjust it as needed to
align with market trends, changes in the cost structure, and cus-
tomer feedback.

Finally, reducing carbon emissions requires a comprehen-
sive approach that involves evaluating technology options, adopt-
ing energy-efficient practices, and collaborating with the stake-
holders. By taking a holistic approach to sustainability, com-
panies can make a significant impact on reducing their carbon
emissions and contribute to a more sustainable future. In addi-
tion, setting the right selling price requires a thorough under-
standing of costs, market conditions, and customer value. By
applying these managerial insights, businesses can maximize
profitability while remaining competitive in the market.

8. Conclusions and Future Scope

In this study, an interval-valued inventory model is devel-
oped where all relevant inventory factors are taken into account.
Moreover, the seller offers interval-valued discounts to cus-
tomers in exchange for upfront payments. The objective func-
tion is changed into an interval-valued objective and the ac-
companying differential equation into an interval differential
equation as a result of choosing interval values for the inven-
tory parameters. An interval differential equation with a para-
metric approach is introduced, and the interval-valued objec-
tive function is constructed to solve the differential equation
with interval values. With the aid of MATHEMATICA soft-
ware and interval order relations, the goal function with inter-
val values is solved. One numerical example is solved, and a
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sensitivity analysis of the best course of action is carried out in
order to validate the proposed model.

As worries about climate change and its effects on the en-
vironment continue to rise, more businesses are focusing on re-
ducing their carbon footprint. By including carbon emissions
in the inventory model, businesses can make more environmen-
tally friendly decisions and contribute to mitigating climate
change. The environment can benefit from a greener supply chain
and a decrease in carbon emissions through inventory manage-
ment. This study provides proper inventory decisions to make
supply coordination much greener by curbing emissions from
several operations.

There are several benefits to including advance payment
in the inventory model. To reduce the cost of carrying inven-
tory and improve cash flow, businesses might take advantage
of discounts or preferred terms that suppliers provide in the ex-

change for early payment. By including advance payment terms
into the model, businesses may evaluate the trade-off between
these benefits and potential risks, ensuring that the best deci-
sions are made about inventory management. Anybody can add
nonlinear stock-dependent demand, use preservation techno-
logy, employ carbon cap and trade policy, trade credit (both
single and two-level), etc. for further exploration. Also, anyone
can use the soft computing technique to resolve this kind of
challenging issue.
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Appendix A. Notation

Notation Description

[x1(0), x10(2)] Interval-valued inventory status at time ¢ (units)

[ouz, onu] Interval-valued fixed demand (units)

[BiL, pru] Interval-valued demand parameter

[OL, Ou] Interval-valued order quantity of the buyer (units)

[01L, O10] Interval-valued deterioration rate, 0<6; <&, <<1

[AecL, heu] Interval-valued holding cost ($/unit)

[cinL, c1nv) Interval-valued portion of carbon emissions in inventory

[epL, cpu) Interval-valued purchasing cost of an item ($/unit)

[cipL, c1pu] Interval-valued amount of carbon emissions related with per unit purchased

[CEL, CEU] Interval-valued total portion of carbon emission per cycle of replenishment

[ICL, ICu] Interval-valued interest charged ($/time)

[Or, Ou] Interval-valued ordering cost ($/order)

[KiL, Kiu] Interval-valued portion of carbon emission per order

L Duration of advance payment in units of time

ni Equal installments number in the advance payment mechanism

[re, ru) Interval-valued discount rate

[ne, nul Interval-valued carbon emitted tax paid per unit

[TP., TPu] Interval-valued total profit function of the system ($)

[APL, APu] Interval-valued total average profit of the system ($/year)

<AP., AP> c-r form of average profit function of the system

Decision Variables

P The selling price of each product ($/unit)

T Length of the buyer’s replenishment cycle in units of time (year)
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